Using class field theory I give an example of a function field of genus 4 with class number one over the finite field F 2 . In a previous paper (see [2] , Section 2) the authors gave a proof of the nonexistence of such a function field. This counterexample shows that their proof is wrong.
Introduction
In [5] , Section 5 a list of pointless curves over F 2 is given. One of such curves of genus 4 has class number one contradicting a result given in [2] , Section 2. This counterexample is obtained with class field theory. For notation and basic definitions on ray class fields the reader can see [1] or [4] .
The counterexample
Let K be the rational function field F 2 (x). Let m be the place (x 4 + x + 1) of K and let S be the place (x 7 + x 4 + 1). We denote by K m S the ray class field of conductor m such that S is split in K m S /K. This extension is abelian and the degree is 7 · (2 4 − 1) = 105 (see [1] , Example 1.5). Consider the subextension F/K of degree 5. The constant field of F is F 2 and the genus is 4 by the Hurwitz genus formula. We check that the class number is one.
In [3] , Section 3, it is proved that a function field over F 2 of genus 4 has class number one if and only if there is only one place of degree 4 and no place of smaller degree. We have to check that the places of K of degree smaller than 4 (except for m) are inert in F/K. As in [4] , Example 4.2 and Example 4.3 we compute the Frobenius automorphism F rob(P ) in Gal(K m S /K) for all unramified places P with deg(P ) ≤ 4. When P = (x + 1) then we define z = (x+1) 7 x 7 +x 4 +1 ∈K * P ⊆ J. By the Local Artin Map z corresponds to F rob(P )
Then P is split in F/K if and only if F rob(P ) belongs to the subgroup Gal(K m S /F ) of Gal(K m S /K) of order 21 (see [4] , Proposition 2.2). But z 3 ≡ 1 mod x 4 + x + 1 so the class of z 3 in the class group is not in C m S , the kernel of the Artin map (see [4] , Definiton 3.6) and so F rob(P ) has not order 21 in Gal(K m S /K). It follows that P is inert in F/K. The other unramified places of K of degree smaller than 4 are checked to be inert in a similar way. In particular one can check the other rational places by considering z = . Moreover for the places of degree two or three we can do similar computations with z =
(x 7 +x 4 +1) 3 and z = (x 3 +x 2 +1) 7 (x 7 +x 4 +1) 3 , respectively. Finally for unramified places of degree four we have to consider z = (x 4 +x 3 +1) 7 (x 7 +x 4 +1) 4 and z = (x 4 +x 3 +x 2 +x+1) 7 (x 7 +x 4 +1) 4 .
Remark. The choice of S = (x 7 + x 4 + 1) is not unique, in fact similar computations show that S = (x 7 + x 3 + 1) gives an other ray class field extension K m S /K such that the unique subextension of degree five F/K has no split places of degree smaller than 4.
